Abstract. New class of special functions of three real variables, based on the alternating subgroup of the permutation group S3, is studied. These functions are used for Fourier-like expansion of digital data given on lattice of any density and general position. Such functions have only trivial analogs in one and two variables; a connection to the E−functions of C3 is shown. Continuous interpolation of the three dimensional data is studied and exemplified.
Introduction
Functions on Euclidean space R n which are symmetric with respect to the permutation group S n are often dealt with in various branches of physics, namely in quantum theory or in theory of integrable systems. It is natural to consider restriction of the symmetry to the subgroup A n of S n consisting of transformations w with det w = 1. Of some importance may also be the fact that A n ⊂ SO(n), while S n SO(n).
Functions, considered in the paper, form a new family of special functions, called the alternating exponential functions. They were introduced in [5] for A n , involving general number, n ≥ 3, of variables, but otherwise have not appeared in the literature. Here they depend on the smallest (nontrivial) number of real variables, namely three. In 2D the functions would become a product of two simple exponential functions each depending on one variable only. In 1D the analogous functions cannot be defined. Through the inclusion A n ⊂ S n they are closely related to symmetric and antisymmetric exponential functions, based on S n , which are described in [6] . Through the isomorphism S n ≡ W (SU (n)) they are also related to the C− and S−functions [10, 11] based on the Weyl group W (SU (n)) of SU (n). The relation is a consequence of the isomorphism A n ≡ W e (SU (n)), where W e is the even subgroup of W . Hence the functions of the paper could have been obtained, in principle, from the E−functions of W e (SU (n)), see [9] .
As a motivation for studying the functions of this paper, one can single out several reasons. (i) They are relatively simple when expressed as sums of common exponential functions of tree real variables (1) measured in orthogonal directions of the 3-dimensional real Euclidean space R 3 . (ii) Their continuous orthogonality, when integrated over the finite region F (A aff 3 ) ⊂ R 3 , as well as their discrete orthogonality when their values are sampled on a fragment L 0,0,N,1 ⊂ F (A aff 3 ) of the cubic lattice, make them into a curious alternative to the simple concatenation of three 1-dimensional transforms taken in the orthogonal directions. Comparison of the two transforms deserves further exploration. (iii) The alternating symmetry should be advantageous in describing quantum systems possessing such a symmetry, as well as in some problems of quantum information theory.
In general, the E−functions are related to irreducible characters of compact simple Lie groups G through the C− and S−functions of G. The C− and S−functions are defined by the summation of exponential functions over an orbit of the Weyl group W (G) [10, 11] . The E-functions are defined by the summation of exponential functions over the even subgroup W e (G) [9] . These functions were recently studied as special functions with many practically useful properties. In Lie theory they are known from the Weyl formula for the characters of irreducible representations of the compact Lie group G. Note that the group A n is not a reflection group. Therefore it has no associated root system.
The alternating exponential functions of three variables (1) are most likely to be used in 3D applications due to their relative simplicity and to the fact that their variables are given with respect to an orthonormal basis. Practical aspects of their applicability still need to be evaluated and compared with other systems of orthogonal functions. In the lowest case properties, we want to emphasize, are transparent and can be exploited to details not accessible to the analysis in general dimension. The simplicity of the functions offers an advantage that may also be decisive. Our goals are to describe (i) discretization of the functions, (ii) expansions of digital data given on lattices of any density, and (iii) the interpolation of the data in 'Fourier space', i.e. in the space of the coefficients of the expansions.
In Section 2 the functions are defined and their basic properties are shown. Their relation to E−functions of the Lie group C 3 , their continuous and discrete orthogonalities and the corresponding Fourier expansions are given. In Section 3 the interpolation with alternating group functions is described and exemplified. Concluding remarks are contained in Section 4.
2. Three dimensional alternating exponential functions 2.1. Definitions, symmetries and general properties.
Three dimensional alternating exponential functions E (λ,µ,ν) : R 3 → C have the following explicit form
e 2πiλx e 2πiλy e 2πiλz e 2πiµx e 2πiµy e 2πiµz e 2πiνx e 2πiνy e 2πiνz
where the determinant with superscript + stands for permanent [12] , which is symmetric with respect to permutations of its rows and columns. Note that in less than three variables, the definition (1) leads to common functions. For two variables, we have E λ,µ (x, y) as a product of two exponential functions, each depending on one of the variables. For one-dimensional case we obtain E λ (x) = e 2πiλx .
From (1) we immediately have symmetry of E (λ,µ,ν) (x, y, z) with respect to cyclic permutations of variables (x, y, z) and (λ, µ, ν)
Therefore, we consider only functions E (λ,µ,ν) with so called semidominant (λ, µ, ν), that is triples (λ, µ, ν) with λ ≥ µ ≥ ν or µ > λ > ν. The set of all semidominant triples is denoted by D e + . The functions E (k,l,m) with k, l, m ∈ Z have additional symmetries induced by the periodicity of exponential function:
The relations (2) and (3) imply that it is sufficient to consider the functions E (k,l,m) , k, l, m ∈ Z on the closure of the fundamental domain F (A aff 3 ) [6] . The fundamental domain F (A aff 3 ) can be chosen in 3D to be equal to the part of the cube shown on Figure 1 ,
For a ∈ R, we also have
2.2. Connection with E−orbit functions of the simple Lie group C 3 . The C− and S−functions of C 3 are defined by the summation of exponential functions over an orbit of the Weyl group W (C 3 ). The E−functions are defined by the summation over the even subgroup W e (C 3 ).
Let us show that E−functions coincide, after a suitable linear substitution of variables, with the functions which are obtained by symmetrizing three dimensional alternating exponential functions E (λ,µ,ν) (7), inside F (A aff 3 ).
over the subgroup W e (C 3 ). To make this connection clear we introduce the following non-orthogonal bases expressed in terms of orthogonal vectors e 1 , e 2 , e 3 :
Assuming that α 1 and α 2 are the short simple roots and α 3 is the long simple root of C 3 , we take
The scalar product of two vectors, one given in the ω-basis and the other in the dual ω ∨ -basis of C 3 , is calculated as follows:
An orbit of W (C 3 ) consists of all the distinct points (weights) obtained from the dominant point v by repeated applications of reflections r α 1 , r α 2 and r α 3 in mirrors orthogonal to the simple roots α 1 , α 2 , α 3 of C 3 , according to the formula
A generic W (C 3 )-orbit consists of 48 points/weights. We consider only even subgroup W e (C 3 ) of the Weyl group which consists of 24 elements. The generic orbit of the group W e (C 3 ) is written down in Table 1 .
The generic E−function of C 3 , denoted here by E W v (θ), is defined in [9] as
After the following change of variables, As a group, W e (C 3 ) can be expressed as product W e A 3 , where W e is a subgroup of order 8 generated by two elements,
and A 3 is subgroup of order 3 generated by rotation r α 1 r α 2 . Then we have
w∈ W e E (λ,µ,ν) (w(x, y, z)).
Product decomposition.
The product of two three dimensional alternating functions evaluated at the same point (x, y, z) can be easily decomposed to the sum of alternating functions with suitable indices. Such product-to-sum decomposition has the following explicit form E (λ,µ,ν) (x, y, z)E (λ ,µ ,ν ) (x, y, z) = E (λ+λ ,µ+µ ,ν+ν ) (x, y, z) + E (λ+µ ,µ+ν ,ν+λ ) (x, y, z) +E (λ+ν ,µ+λ ,ν+µ ) (x, y, z).
Analogously, we obtain a product-to-sum decomposition formula for one function E (λ,µ,ν) evaluated at two different points E (λ,µ,ν) (x, y, z)E (λ,µ,ν) (x , y , z ) = E (λ,µ,ν) (x + x , y + y , z + z ) + E (λ,µ,ν) (x + y , y + z , z + x ) +E (λ,µ,ν) (x + z , y + x , z + y ).
Continuous orthogonality.
The functions E (k,l,m) are mutually orthogonal on the fundamental domain F (A aff 3 ), i.e. for any two semidominant triples (k, l, m), (k , l , m ) ∈ D + e ∩ Z 3 it holds
where the overline means complex conjugation and the symbol G klm is defined by
Every function f : R 3 → C, which satisfies f (x, y, z) = f (z, x, y) = f (y, z, x), and is periodic, i. e. f (x + r, y + s, z + t) = f (x, y, z), r, s, t ∈ Z, and has continuous derivatives, can be expanded in a series of alternating exponential functions E (k,l,m) :
f (x, y, z)E (k,l,m) (x, y, z) dx dy dz.
Eigenfunctions of the Laplace and related operators.
The functions E (λ,µ,ν) are eigenfunctions of the Laplace operator, which in the Cartesian coordinates takes the form ∆ = ∂ 2 x + ∂ 2 y + ∂ 2 z , so that we have
Laplace equation (5) can be generalized. Let σ k (y 1 , y 2 , y 3 ) be the kth elementary symmetric polynomial of degree k. In particular, σ 1 (y 1 , y 2 , y 3 ) = y 1 + y 2 + y 3 , σ 2 (y 1 , y 2 , y 3 ) = y 1 y 2 + y 1 y 3 + y 2 y 3 , σ 3 (y 1 , y 2 , y 3 ) = y 1 y 2 y 3 .
Then we have
The equations (6) are algebraically independent for k = 1, 2, 3.
3. Discrete orthogonality and alternating interpolation 3.1. Discrete orthogonality. The purpose of this section is to describe in detail discrete orthogonality of alternating functions and apply it to the interpolation problem of arbitrary functions defined in F (A aff 3 ). We follow notions known in standard Fourier analysis (see e.g. [1] ) and generalize them to the set of alternating functions.
For any positive integer N we consider a grid of the form
where D e + (N 1 , N 2 ) = {(r, s, t) | r ≥ s ≥ t or s > r > t; r, s, t = N 1 , N 1 + 1, N 1 + 2, ..., N 2 } . Discrete orthogonality of alternating exponential functions over this grid was proved in [6] . The positive integer N fixes the density of the grid inside F (A aff 3 ), the grid contains A visual example of such grid (for N = 5) is shown in Figure 1 . For applications it may be convenient to consider the orthogonality over more general type of grid. Besides the parameter N , we parametrize the grid by numbers a ∈ R and b ∈ [0, 1]. The equidistant grid L a,b,N,1 is given by
Using the property (4), we observe that the orthogonality relations from [6] also hold over the grid L a,b,N,1 :
where
Alternating discrete Fourier transform.
Suppose we have a discrete function f : L a,b,N,1 → C defined on the grid L a,b,N,1 . The alternating discrete Fourier transform of f over L a,b,N,1 is given by
where (k, l, m) ∈ D e + (0, N − 1). Orthogonality relation (8) immediately gives the inverse transform of the coefficients β klm :
β klm E (k,l,m) (x r , y s , z t ).
General 3D trigonometric interpolation.
Let us consider a symmetrically placed cube in R 3 with the length of its side T ∈ R. For a ∈ R the cube is given by
Let us also choose an arbitrary natural number N and parameter b ∈ [0, 1] and consider a symmetrically
Suppose we have a given function f : K [a,a+T ] → C and a set of points L a,b,N,T ⊂ K [a,a+T ] . In the following we assume that N is odd, N = 2M + 1. The three-dimensional (trigonometric) interpolation problem can be formulated in the following way: find a trigonometric interpolating polynomial of the form
such that it coincides with f on the grid L a,b,N,T , that means it satisfies for all (x r , y s , z t ) ∈ L a,b,N,T the condition ψ N,T (x r , y s , z t ) = f (x r , y s , z t ). We set for simplicity T = 1 and we have the trigonometric interpolating polynomial ψ N ≡ ψ N,1 of the form
satisfying on the K [a,a+1] ψ N (x r , y s , z t ) = f (x r , y s , z t ), r, s, t = 0 . . . N − 1.
Note that in all of the following formulas one can always recover an arbitrary size T by linear transformation
For N = 2M + 1, the trigonometric interpolating polynomial ψ N has N 3 unknown coefficients c klm corresponding to N 3 constraints (10). Due to the orthogonality of exponential functions, the solution of the interpolation problem always exists, is unique and the coefficients c klm are given by
f (x r , y s , z t )e −2πikxr e −2πilys e −2πilzt .
Alternating interpolation.
For interpolation with alternating exponential functions we consider the domain K A [a,a+1] which we define as a shifted closure of the domain
we define an alternating interpolating function 
Instead of the direct calculation of the coefficients c A klm , one can use the alternating discrete Fourier transform (9) , and the resulting coefficients β klm transform to c A klm 's. By direct comparison of (13) to (9), we obtain for N = 2M + 1
As a model function, we take the following smooth characteristic function:
where Figure 2 shows this function, denoted by f A , for the parameters α = 
Concluding remarks
A family of special functions that is a finitely generated ring can generally be transformed into a polynomial ring. The basis of the ring is taken as the set of variables of the polynomials. Then decomposition of products of the ring of functions allows one to build recursively the polynomials.
In our case that would be the polynomials in 3 real variables chosen as the lowest alternating functions. Discretization of the functions then provides discrete version of the polynomials. Some information of the discretized E−functions of G 2 and C 2 is already available [13, 14] . However, probably a logical preference should be given to description of discretized two and three variable E-polynomials before the alternating polynomials. That is not found in the literature so far. A comparison of the E− and alternating polynomials should be useful.
Interpolation of discrete data by means of discrete Fourier expansions is an important practical problem for some applications [1, 2] . Relatively simple possibilities, shown in the paper, deserve to be further analyzed/optimized.
The connection between the (anti)symmetric exponential functions [6] and the (anti)symmetric trigonometric functions [7] was described in detail for the two dimensional case in [3, 4] . An analogous connection is to be expected for the three-dimensional alternating functions and the alternating trigonometric functions [8] .
In our opinion timely and valuable would be a review and comparison of available systems of orthogonal functions in two and three variables. Numerous systems are available. For example, there are seven semisimple Lie groups of rank 3. Each has at least two systems of orthogonal functions, in fact majority of them admits four such systems of functions. In addition one should add all the E−functions and alternating functions.
